In this paper we introduce the notion of quasicylindrical domains in Banach spaces and develop a concept of a degree for quasiruled Fredholm mappings on quasicylindrical domains. Note that this quasicylindrical structure appears in a rather natural way, whenever "analytically" given nonlinear pseudodifferential operators are investigated in spaces of sufficiently smooth functions. Moreover, the class of quasiruled Fredholm mappings on quasicylindrical domains is sufficiently large, so that within this framework one can study a quite large class of nonlinear boundary value problems which are related to pseudodifferential operators.
Introduction
In this paper we extend our concept of the topological degree of quasiruled Fredholm maps to so-called quasicylindrical domains Ω in a real Banach space X whose geometrical structure must be compatible with the Fredholm structure associated with the map A : Ω → Y . By approximating the quasicylinder Ω by cylinders Ω ν ⊂ X whose generators have finite codimensions, and approximating A by Fredholm ruled operators A ν : Ω ν → Y , under appropriate a priori estimates for A, we first define a degree d(A ν , Ω ν ) for each approximation A ν . Then it is shown that this sequence has a limit which allows us to define a degree as d(A, Ω) = lim ν→∞ d(A ν , Ω ν ). This degree then has all the necessary properties of a degree of mappings. For the operator A : Ω → Y we allow Ax Y → ∞ as x → ∂Ω which implies that Ω ⊂ X is a natural domain of definition for the nonlinear operator A. For this situation, none of the previous degree theories in [2] [3] [4] [7] [8] [9] [10] [11] [12] [13] [14] is adequate for nonlinear boundary value problems such as will be considered in Part II, namely for a rather large class of nonlinear boundary value problems related to pseudodifferential operators. As an example we will apply our theory to nonlinear Riemann-Hilbert problems with closed boundary data for multiply connected domains G q . There the corresponding operators in Hilbert spaces on ∂G q will have the property Ax Y → ∞ for x → ∂Ω.
Fredholm structures and related topological invariants
Let us consider a class of nonlinear operators A : Ω ⊂ X → Y which are defined on a domain Ω ⊂ X where X and Y are Banach spaces. We assume that the operator A : Ω ⊂ X → Y has the property
Here ∂Ω denotes the boundary of Ω in X.
To construct a relevant degree theory for such operators and to apply it to global existence proofs one needs some additional geometrical structure of the domain as well as of the operator since, in general, one cannot define any degree even for diffeomorphisms (see [1] ).
One opportunity for an appropriate structure is the following. Let X be a real separable Banach space with the basis e 1 , e 2 , . . . and π ν the projection of X onto the ν-dimensional space X ν = span{e 1 , . . . , e ν } with ν ∈ N. Then X = X ν ⊕ X ⊥ ν where X ⊥ ν has the codimension ν. Let Ω ν ⊂ X ν be a domain and Ω ν := Ω ν ⊕ X ⊥ ν be a cylinder with the basis Ω ν . Moreover, let 
To give an example of a QC-domain we consider the Sobolev space X = H s (S 1 ) on the unit circle S 1 for s > 1, where the norm of u ∈ H s (S 1 ) is defined by
with the Fourier coefficients given by
Then the domain
is a QC-domain in X = H s (S 1 ) for s > 1 which can be seen with the help of the following lemma.
Lemma 2.2. For R > 0 and ε > 0 there exists some ν R,ε > 0 such that every u ∈ H s with u s < R satisfies the inequality
On the other hand, from the Cauchy-Schwarz inequality we have
Substituting this into (2.4), we find
Consequently, for sufficiently large ν = ν R,ε we obtain the assertion. 2
Now we construct a sequence of cylindrical domains Ω ν , which satisfies the conditions (a) and (b) in our Definition 2.1. To this end we begin with the following family of cylindrical domains,
Next, we will construct a monotonically decreasing sequence δ(ν) → 0 as ν → ∞ so that the corresponding sequence of cylindrical domains Ω ν,δ(ν) will finally satisfy the conditions (a) and (b) of Definition 2.1.
To this end we choose two monotone sequences δ n and R n with δ n 0 and R n +∞ for n → +∞. According to Lemma 2.2 we then can find a sequence of indices ν R n ,δ n with
as follows:
As we shall see, the corresponding sequence of cylindrical domains already satisfies conditions (a) and (b).
since, according to Lemma 2.2, |k|>ν |u k | < δ . This proves condition (a). For (b), let us choose any R > 0 and ε > 0. Then we have to show that there exists ν R,ε such that for all ν > ν R,ε we have
Now we choose ν 0 so, that for all u ∈ Ω R and ν ν 0 , both the inequalities δ(ν) < ε and |k|>ν |u k | < ε/2 are valid. The existence of such an index ν 0 follows from Lemma 2.2.
Thus, condition (b) of Definition 2.1 is satisfied. A more complicated example of a QC-domain related to the nonlinear Riemann-Hilbert problem will be considered in Part II.
Next, we introduce an appropriate class of nonlinear mappings on QC-domains. Let Ω ν be a cylindrical domain in X with the basis Ω ν ⊂ X ν and let Y be a second real Banach space.
In what follows we shall denote by A ν : Ω ν → Y mappings whose bases of the cylinders are ν-dimensional. 
Now, we introduce the norm of affine mappings A : X → Y , 9) where X ⊂ X is any fixed hyperplane in X. The notation (A ) −1 is defined correspondingly if A is invertible. 
C(Ω, R, ε) as well as (A ν α ) −1 C(Ω, R, ε) for α ∈ π ν (Ω R,ε ) whenever ν ν 0 (Ω, R, ε).

In what follows, we denote by F-QR(Ω, Y ) the class of F-QR mappings of the QC-domain Ω ⊂ X into Y . Now we are in the position to present the concept of some degree for the class of mappings A ∈ F-QR(Ω, Y ).
As usual, the degree d(A, Ω) of the mapping A is related to the "number of solutions" of the equation A(x) = y. In order to give a precise definition, we assume that a priori estimates of the following form are valid: 
and define an associated topology by means of the neighbourhood system 12) where U and V are neighbourhoods in Ω R,ε and in Y , respectively. The base of the bundle E ν is π ν (Ω R,ε ) and the associated projection is given by
The structure of the locally trivial bundle is introduced as follows:
). The existence of such a plane can be shown with the help of the Riesz theorem on the almost orthogonality. Then Z ν is transversal to all the planes Y ν α for α ∈ U ν where U ν is some appropriate neighbourhood of α 0 .
Let us define the mapping T : 
15)
where
is equivalent to finding solutions of the ν-dimensional equation
Proof. Let x ∈ Ω R,ε and A ν (x) = y. Due to Definition 2.1, for sufficiently large ν, we have
Hence, x ∈ X ν α and it follows from A ν (x) = y that y ∈ A ν α (X ν α ) which implies that the plane Y ν α contains y, and so we have S 0
. Then the plane Y ν α passes through y, and so y = A ν α (x) for some x ∈ X ν α . However, the point x might lie outside Ω R,ε . We now show that this cannot happen. In fact, due to Definition 2.4 of A ∈ F-QR(Ω, Y ), there exists a constant C, such that A ν α C and (A ν α ) −1 < C for sufficiently large ν and α ∈ π ν (Ω R,ε ). Therefore, the preimage x of y belongs to the domain π ν (Ω R,ε ) ⊕ X ⊥ ν and x C(1 + y ). Let ν be sufficiently large so that
Then if x / ∈ Ω R,ε we would have
In case (1) we claim Ax y + 2δ since otherwise we would have from the a priori estimate (I) in (2.10) that Clearly, for the special case that L u = I , the identity, we obtain the well-known Leray-Schauder class.
Consequently,
A ν x Ax − Ax − A ν x y + δ,
